In non-self-consistent calculations of the total energy within the random-phase approximation (RPA) for electronic correlation, it is necessary to choose a single-particle Hamiltonian whose solutions are used to construct the electronic density and non-interacting response function. Here we investigate the effect of including a Hubbard-U term in this single-particle Hamiltonian, to better describe the on-site correlation of 3d electrons in the transition metal compounds ZnS, TiO 2 and NiO. We find that the RPA lattice constants are essentially independent of U , despite large changes in the underlying electronic structure. We further demonstrate that the non-selfconsistent RPA total energies of these materials have minima at nonzero U . Our RPA calculations find the rutile phase of TiO 2 to be more stable than anatase independent of U , a result which is consistent with experiments and qualitatively different to that found from calculations employing U -corrected (semi)local functionals. However we also find that the +U term cannot be used to correct the RPA's poor description of the heat of formation of NiO.
I. INTRODUCTION
Transition metal compounds (TMCs), particularly in their nanostructured form, find applications in a diverse range of technological fields including photovoltaics and photocatalysis, magnetic storage and phosphorescent imaging. [1] [2] [3] [4] Rational optimization of TMCs at the nanoscale requires an atomistic, quantum-mechanical description of these materials, which in principle can be provided by density-functional theory (DFT). 5 Unfortunately, the most widely-used approximations to the DFT exchange-correlation (XC) energy, namely the local-density and generalized-gradient approximations (LDA/GGA), have difficulty in describing the localized d-electrons of the transition metals. 6 This difficulty has been ascribed to the unphysical self-interaction experienced by the electrons within the LDA/GGA, and a number of methods have been proposed to overcome it.
6
One popular method is to supplement the LDA/GGA XC potential with orbital-dependent U terms, designed to more accurately describe the on-site correlation of the d-electrons. Such "Hubbard U " corrections have been found to give an improved description of the properties of TMCs like NiO.
7-11
A less widely-investigated approach to improving the LDA/GGA description of the TMCs is to obtain the XC energy as a combination of the "exact" Hartree-Fock exchange energy (EXX) and the correlation energy calculated within the random-phase approximation (RPA). 12, 13 Such a scheme should benefit from the EXX correction of self-interaction, 6 and also from the non-local and dynamical description of correlation provided by the RPA.
Specifically, the RPA correlation energy should capture long-range dispersive interactions that are missing in the Hubbard U corrections. 12, 13 Recent work has demonstrated the good performance of the RPA+EXX approach for calculating the formation energies and relative stabilities of transition metal oxides.
14-17
From the point of view of performing predictive calculations, the RPA+EXX scheme carries the additional advantage of being essentially parameter-free. However, it is important to note that the most well-documented successes of this scheme-for instance in describing non-local correlation in weakly-bonded systems, describing chemisorption and bonding in solids, or in the TMC examples above-were performed non-self-consistently. [18] [19] [20] [21] [22] That is, the XC potential felt by the non-interacting electrons was not the functional derivative of the XC energy, at variance with the standard Kohn-Sham (KS) formulation of DFT.
23
Sections III A, III B and III C we present our results for ZnS, TiO 2 and NiO, including our calculations of the phase stability of TiO 2 in Section III B 3. We provide a detailed analysis of the U -dependence of the total energy in Sections III D and III E, and consider the oxide heats of formation in Section III F. We present our conclusions in Section IV.
II. THEORY AND COMPUTATIONAL METHODOLOGY
A. Non-self-consistent RPA total energy
We consider the ground-state total energy E Tot of a system of electrons and nuclei, treating the nuclei as classical, stationary particles. Within the adiabatic-connection fluctuationdissipation formulation of DFT, 12, 13, 43, 44 E Tot is decomposed as
The quantity E 0 appearing in equation 1 is the total energy neglecting exchange and correlation, given by
where {ψ} denotes the set of single-particle wavefunctions obtained from solving
where H 0 is a single-particle Hamiltonian (Section II B). The electronic density ρ is constructed as νσ f νσ |ψ νσ | 2 , where f νσ gives the occupation number of the state. For crystalline systems ν is a composite index labelling band index and wavevector, and σ is a spin index (here we assume collinear spin polarization). T s gives the kinetic energy of the singleparticle wavefunctions, and E Ie , E Har and E II give the electron-nuclear, electron-electron, and nuclear-nuclear electrostatic interaction energies.
The exchange energy E X is obtained as
(Hartree units are used throughout), and the correlation energy E C is expressed as
where s is a real number representing an imaginary frequency, ω = is. λ is a coupling constant taking values between 0 and 1 which controls the strength of the Coulomb interaction along the adiabatic connection, and defines a Hamiltonian H λ whose solution yields the exact ground-state electronic density for all λ.
The response functions χ appearing in the integrand of equation 5 are related through an integral equation. 45 Within the RPA this equation can be inverted to give χ 
where q is a wavevector in the first Brillouin zone, and the response function is a matrix in the reciprocal lattice vectors G and G , with elements given by
Ω is the volume of the primitive unit cell, and the pair density n σ nk,n k+q (G) = ψ nkσ |e −i(q+G)·r |ψ n k+qσ .
Setting E C to E RPA C in equation 1 completes our prescription for a calculation of the RPA total energy E RPA Tot . The density and response function are constructed from the set of wavefunctions which solve equation 3, and the separate contributions to E RPA Tot are evaluated from equations 2, 4 and 6, i.e.
For comparison we also consider the non-self-consistent total energy only including the exact exchange (EXX) contribution,
In passing we point out that by defining E 0 as in equation 2 we remove the need to include double-counting corrections in equations 8 and 9 (to be contrasted with e.g. equations 7 and 27 of Ref. 12).
B. Single-particle Hamiltonian
The procedure outlined in the previous section of calculating E RPA Tot leads to an ambiguity in the definition of the single-particle Hamiltonian H 0 . As mentioned above, the adiabatic connection depends on the exact density being recovered for all values of λ. Equation 3
corresponds to λ = 0, thus identifying H 0 as the single-particle Hamiltonian which yields the exact density of the system of interacting electrons, i.e. the Kohn-Sham (KS) Hamiltonian with the exact exchange-correlation (XC) potential V XC . 23 One approach therefore would be to use the solutions of this Hamiltonian (equation 3) to compute the contributions E 0 + E X in equation 1, independent of any subsequent approximation used to compute E C (e.g. the RPA). However such an approach relies on having the exact V XC , which is unfortunately not
known.
An alternative approach is to treat the combined quantity E = δE RPA XC /δρ. This selfconsistent (sc) RPA scheme ensures compatibility between the total energy functional and XC potential. [24] [25] [26] [27] [28] In contrast to the non-self-consistent case, in this scheme the RPA is being used to determine H 0 and thus E 0 + E X . Therefore the scRPA scheme can no longer be considered as an approximation to E C alone. Of course since E RPA XC is nonlocal and energydependent, it may also be hoped that V scRPA XC might represent a better approximation to the unknown, exact V XC than simpler functionals like the LDA/GGA.
In this work we focus on the first (non-self-consistent) approach, and approximate the exact V XC with one chosen from the class of functionals which include a Hubbard U term.
Specifically we supplement standard LDA/GGA XC-functionals with the correction derived in Ref. 9 ,
The density matrices ρ a describe the occupation of localized orbitals on atom a, and U controls the strength of the on-site Coulomb interaction incorporating both Hartree (U H ) and exchange (J) contributions, U = U H − J. 9 The LDA/GGA+U XC potential V U XC is constructed using equation 10 following the scheme described in Refs. 47 and 48, with the d-projectors located on Zn, Ti and Ni atoms defining the density matrices appearing in 
where the operators in the square brackets are obtained as the functional derivative of E 0 (equation 2). We emphasize that U is considered a free parameter which, for a given choice of LDA or GGA, completely determines H 0 (and thus E RPA Tot ) through equation 11.
C. Computational details
All calculations were performed within the projected-augmented wave (PAW) formalism 49 of DFT 5, 23 as implemented in the GPAW code. 47 The core-valence interaction was described using the 0.9.11271 GPAW datasets, which always treat the 4s and 3d shells of the transition metals as valence states, and further explicitly include the 3s and 3p shells for Ti and 3p shell for Ni. Exchange and correlation effects were described either within the LDA 50 or GGA (the PBE XC-functional) 51 with the Hubbard U correction scheme described above.
9,47,48
The electronic wavefunctions were expanded in plane waves up to a maximum energy of 80 Ry. The wavefunctions were sampled on the Γ-centred Monkhorst-Pack 52 grids listed in (20) (21) (22) (23) (24) (25) (26) (27) (28) (29) (30) to the basis set limit using the power law expression
cut . The frequency integration in equation 6 was performed numerically within the scheme described in Ref. 38 .
The geometry optimizations of ZnS and NiO were performed by calculating the total energy for seven lattice parameters, spanning ±7% around the experimental value, and fitting the calculated energies to the Birch-Murnaghan equation of state. 54 To optimize the geometry of TiO 2 (which is a function of three independent parameters), we fixed two of the parameters at their previous "best" values and calculated the energy as a function of the third, which we varied by ±7% around the experimental value. After fitting a polynomial to the total energy we obtained a new "best" value for this parameter. We repeatedly cycled through all the parameters until no change was observed between iterations. For consistency we used this procedure for the EXX, RPA+EXX and PBE+U calculations, even though geometry optimization for the latter can be achieved more easily using the stress theorem.
55
For the heat of formation calculations, we modeled the O 2 molecule in its triplet state with a fixed bond length of 1.21Å. We used periodic simulation cells and sampled the wavefunctions at the Γ-point. For the calculation of E 0 + E X we used a simulation cell of size 12×12×13Å 3 , and a cell of size of 6×6×7Å
III. RESULTS AND DISCUSSION
A. ZnS
Electronic structure
We begin our study by considering ZnS in its sphalerite form (zinc blende, F43m). The electronic bandstructure calculated using the PBE XC-functional is shown in Fig. 1 . As found in numerous previous LDA/GGA calculations 57-62 the filled Zn-3d shells form a narrow band at 6 eV below the valence band edge. This 3d band is also observed in valence photoemission experiments, but at a larger binding energy of 9 eV.
63,64
Adding a Hubbard U correction to the PBE XC-functional shifts the 3d band to larger binding energy, with the magnitude of the shift depending linearly on U . We find the 3d band position to coincide with the experimental binding energy when U ≈ 8 eV. This value is consistent with two previous LDA+U studies 10,57 which required (U H − J) values of 9 and 7 eV to shift the 3d band to the experimentally-observed position. Like these studies 10,57 we also observe that the band gap depends weakly on U , increasing from 2.1 to 2.6 eV when U is varied from 0 to 10 eV.
Atomistic structure
In Fig. 2 we show the equilibrium lattice constant calculated as a function of U , either at the PBE+U level or from the non-self-consistent RPA+EXX and EXX total energies calculated from equations 8 and 9. We compare our calculations to the value of 5.401Å
measured from X-ray diffraction 56 (horizontal line in Fig. 2 ). Considering the PBE+U calculations first (red line), at U =0 eV we observe a lattice constant which is 0.8% larger than the reported experimental value. This difference is maintained over the U range of 0-6 eV and then slightly decreases, to 0.5% for U =10 eV. This magnitude of variation is rather small compared to the other materials discussed below, which we attribute to the energetic separation of the 3d bands. The other bands, lying 0-5 and 12-13 eV below the valence band maximum (VBM), have predominantly S-3p/Zn-4s and S-3s character respectively.
We note that for large values of U the Zn-3d band is pushed down in energy sufficiently to begin to hybridize with the S-3s states. Indeed fixing the lattice constant and monitoring the band character as a function of U shows a rapid increase in the Zn-3d contribution to the S-3s band for values of U ≥ 8 eV.
Next considering the lattice constants obtained from the non-self-consistent exact exchange energy E EXX Tot (green line in Fig. 2 ), we find a value 2.9% larger than experiment at U =0 eV. This difference is varies by less that 0.2% over the full range of U values. Although EXX lattice constants are often overestimated with respect to experiment, Finally we consider lattice constants obtained after adding the non-self-consistent RPA correlation energy to the EXX energy, E RPA Tot (blue line). Here we find lattice constants very close to the experimental value: 5.40 and 5.42Å at U =0 and 10 eV, corresponding to increases of <0.1% and 0.4% respectively. The variation of lattice constant with U displays the opposite trend to the PBE+U calculations; in fact, the behavior is almost a perfect mirror image. That is, the XC-interaction which favors increased bonding at high U within the PBE+U approximation is not present within the RPA description of the correlation energy.
Overall, our results show that the calculated lattice constant of sphalerite ZnS is somewhat insensitive to the value of U used in H 0 , at all levels of theory. The fact that the Zn-3d
states are already fully occupied and located deep below the VBM for U =0 eV means that adding a U correction to these orbitals has a minimal effect on the ground-state electron density.
B. TiO 2
Electronic structure
We now consider TiO 2 , a material where the 3d shell is largely unoccupied. The most naturally-abundant forms of TiO 2 are the rutile (P4 2 /mnm) and anatase (I4 1 /amd) polymorphs. 66 We begin by focusing on rutile TiO 2 , and calculate the electronic bandstructure and projected density-of-states (PDoS) at the PBE level using experimental structural parameters. 65 The results are shown in Figs The O-2s states lie far (17 eV) below the VBM. These electronic structure features have been observed and discussed in numerous other works.
67-72
The effect of including a Hubbard U correction to the Ti-3d states is to reduce the hybridization with the O-2p orbitals in the conduction and valence bands, and to push the t 2g subband up in energy. 72 The latter phenomenon leads to a strong dependence of the fundamental gap on U , 72,73 illustrated in Fig. 3(c) . The direct gap at the Γ point increases by almost 2 eV over the U -range of 0-10 eV, 4 times larger than observed for ZnS. As also shown in Fig. 3(c) the small difference between the direct gap at Γ and the Γ-M transition (0.04 eV at U =0 eV) reduces to zero at U =4 eV, such that the nature of the fundamental gap changes from direct to indirect for U ≥4 eV. 73 
Atomistic structure
The structure of rutile TiO 2 is fully specified by the lattice parameters a and c and a dimensionless internal parameter u. Equivalently the structure may be described 74 in terms of distorted TiO 6 octahedra characterized by apical and equatorial bond lengths (d ap and d eq ) and an angle θ, where 2θ is the smallest Ti-O-Ti angle in a given OTi 3 planar unit.
The two parameter sets are related through:
The inversions of equations 12-14 are given in Ref. 74 . increase by 1.8% and 1.3% between U =0 and 10 eV, which is a much larger change than the 0.3% decrease in Zn-S bond length observed for ZnS. A simple explanation for the observed lengthening of bonds is that the U correction makes the orbitals more atomic-like, reducing the hybridization shown in Fig. 3(b) and thus weakening the bonding. 72 The increased U also drives 2θ away from 90
• and towards 120
• , which as noted in Ref. 74 is its optimal value from the point of view of the planar threefold co-ordination of the O atoms; that is, the importance of the O atoms to the bonding increases with U .
Moving onto the EXX calculations, we see that d ap and 2θ are effectively independent of U . d ap is particularly close (< 0.1%) to the experimental value, whilst 2θ is overestimated by 0.8%. However, d eq displays a monotonic U -dependence, with deviation from the experimental value varying from -1% to < 0.1% for U between 0 and 10 eV. We note that the variation of E EXX Tot with U can only be due to the change in the shape of the occupied orbitals, which determines E 0 and E X . We also note that the EXX structural parameters are closer to experiment than found for ZnS. This result is consistent with Refs. 66 and 69, which found the structures calculated within the Hartree-Fock approximation (self-consistent EXX) to be close to experimental values.
Given the apparent sensitivity of the EXX calculations of d eq to the U value used, we might also expect the RPA+EXX structural parameters to exhibit a U -dependence. In particular, since the denominator of χ KS in equation 7 consists of energy differences between occupied and unoccupied states, the increase in band gap shown in Fig. 3(c) should introduce an additional coupling between H 0 (U ) and E
RPA
Tot . What we observe however is that the RPA+EXX calculations are rather insensitive to the value of U used (blue lines in Fig. 4) .
Furthermore, the calculated structures are close to experiment; at U =0 eV we find values of 4.616Å, 2.973Å and 0.3047 for a, c and u, which are all within 0.7% of experiment. There is noticable noise in the data, particularly for the calculated 2θ, which reflects the difficulty in fitting the RPA total energy to three parameters. However it is clear that calculating the total energy in the RPA+EXX scheme removes the strong U -dependence observed in the PBE+U (and EXX) structural parameters, despite the implicit relation with U through ψ and ε. Our own calculations using the PBE XC-functional and experimental geometries for the two phases 65 reproduce this result, with an energy difference of 0.077 eV/f.u.; using optimized geometries slightly increases this value to 0.080 eV/f.u. Inclusion of exact exchange through hybrid XC-functionals also predicts anatase to have a lower energy, 79,80 unless an unusually large amount (> 70%) of exact exchange is used.
79
In common with most previous works, we note that our calculations are missing the vibrational contribution to the total energy; however the zero point contribution was calculated to be only 0.01 eV/f.u. lower for rutile than anatase in Ref. 81 . 85 However, it has been shown that rutile can be significantly stabilized with respect to anatase within a DFT framework through two distinct routes, namely by adding either Hubbard U terms to H 0 (GGA+U ) 72, 79 or empirical corrections to account for dispersion interactions (DFT-D). [82] [83] [84] We note that even though both of these approaches can be used to obtain the same qualitative result, they describe very different physics; GGA+U addresses strong, localized correlation, whilst DFT-D attempts to capture relatively weak, long-range dispersion. The advantage of our current RPA approach is that it combines the Hubbard U term with the RPA description of long-range correlation.
The red symbols in Fig. 5 show the relative energies of anatase with respect to rutile within the PBE+U approach. The filled and empty symbols correspond to optimized and experimental geometries, respectively. In agreement with previous studies, 72, 79 we find that 
87
Following the same approach as for the structural parameters, we considered the difference between the anatase and rutile total energies calculated non-self-consistently including the EXX and RPA+EXX contributions. The EXX calculations (green symbols in Fig. 5 ) find anatase to have lower total energy than rutile regardless of the value of U used in the starting Hamiltonian. This result is consistent with previous Hartree-Fock calculations.
66,69,74
However the RPA+EXX calculations (blue symbols in Fig. 5 ) show two interesting features:
First, even at U = 0 eV, rutile has a lower energy than anatase, by 0.027 eV/f.u. Second, increasing U causes a non-monotonic variation in this difference only up to a maximum of 0.011 eV/f.u. Thus regardless of the U value used in the initial Hamiltonian, our calculated non-self-consistent RPA total energy of rutile remains lower than that of anatase.
Since these RPA+EXX calculations were performed at the experimental lattice parameters, 65 we checked the energy difference obtained using RPA+EXX optimized structures 88 for U =0 eV, and found a difference of only 0.003 eV/f.u. (filled blue symbol in Fig. 5 ). This is the same difference observed between experimental and optimized structures calculated within PBE+U at U =0 eV. The difference however is that the RPA optimized-structures depend less strongly on U than in PBE+U (Fig. 4) , so we expect that using RPA+EXX optimized structures across the full U range to have an even smaller effect than that observed for the PBE+U calculations.
Comparing our total energy calculations to the experimental enthalpy differences, we find our calculations to lie within the experimental range (shaded area of Fig. 5 ). We note that energy differences of <10 meV/f.u. lie at the limit of numerical accuracy currently achievable in our RPA calculations, and again emphasize that our calculations do not include vibrational contributions. However by comparing the RPA+EXX and EXX total energies in Fig. 5 it can be seen that the RPA correlation energy of rutile is more negative than that of anatase by 0.186 eV/f.u. at U =0 eV, and by 0.108 eV at U =10 eV. Therefore our calculations illustrate the key role played by non-local correlation in understanding the phase stability of this material, 82 and also demonstrate that the result is robust against the choice of U in H 0 (U ).
C. NiO
Electronic structure
The final material we consider is NiO, which in its paramagnetic state adopts a NaCl (Fm3m) structure. 89 Here we focus on the antiferromagnetic configuration formed below the Néel temperature (523 K), where the spin direction alternates between adjacent (111) Ni planes. For simplicity we neglect the structural distortion which accompanies this antiferromagnetic transition, since the deviation from the cubic lattice is small (<0.1
• angular variation in lattice vectors).
89
In Fig. 6 we show the NiO PDoS resolved for one of the two spin components, calculated at the experimental lattice constant 89 (4.170Å) at the PBE+U level for U =0 and 4 eV. The
PDoS demonstrates the complex character of the conduction and valence bands, which both contain a substantial proportion of Ni-3d states. that the valence band edge is dominated by O-2p states at U =4 eV (Fig. 6) . The groundstate spin-density is also strongly U -dependent, with the magnitude of the local magnetic moment on the Ni atoms increasing from 1.4 to 1.8 Bohr magnetons (µ B ) over a U -range of 0-10 eV. 47 It is also interesting to note that both the gap and local magnetic moment exhibit variation between the LDA (0.4 eV and 1.2µ B ) and PBE (1.0 eV and 1.4µ B ) with U =0 eV.
Atomistic structure
Given the strong U -dependence of the ground-state density, we would expect the lattice constant of NiO also to be sensitive to U . datasets. The LDA and PBE calculations display the usual trend 90 of underestimating and overestimating the experimental lattice constant 89 respectively, (-2.0% and +1.1% at
The lattice constant calculated from E EXX Tot with PBE wavefunctions overestimates the experimental value by 4.4%. This non-self-consistent value exhibits poorer agreement with experiment than that obtained from Hartree-Fock calculations in Ref. 9 , which overestimated the experimental value by 2.1%. Initially, on including a U correction of 2 eV there is a relatively large decrease in lattice constant (0.04Å), but for higher U values the dependence is weaker (<0.03Å between U =2 and 10 eV). Furthermore apart from a difference of 0.02Å at U =0 eV, using LDA+U wavefunctions to calculate E EXX Tot yields very similar results to PBE+U (green dashed lines in Fig. 7) .
The non-self-consistent RPA total energy calculations based on PBE+U wavefunctions (blue solid line in Fig. 7 ) overestimate the experimental lattice constant by 1.6-1. the quality of PAW datasets. 92 However the most important feature of Fig. 7 is that, like the other materials considered in this work, the non-self-consistent RPA structural parameters are largely insensitive to the value of U used in the initial Hamiltonian. This perhaps is all the more remarkable for NiO, given the strong U -dependence of the spin-density, band edge character and gap.
D. U -dependence of total energy
In order to further understand the effects of H 0 (U ) on the calculated value of E RPA Tot , in Fig. 8 we plot the individual contributions E 0 , E X and E RPA C as a function of U for each material at their experimental structures (for TiO 2 we show the results for the rutile phase).
The energies were calculated starting from PBE+U wavefunctions, and the U =0 eV value of each quantity has been used to define the energy zero.
The most notable aspect of Fig. 8 is that although E 0 , E X and E RPA C are in general strongly U -dependent (varying by several eV/f.u. over the considered U -range), the variation in their sum E
RPA
Tot is an order of magnitude smaller; i.e. there is a strong cancellation between the Udependent quantities. In all cases, E X becomes more negative with increasing U . A simple explanation for this behavior is to note that the larger U correction forces the electrons to occupy more atomic-like orbitals, increasing the self-interaction contribution to E X (the
The contributions which cancel E X vary from material to material. For ZnS, the E X contribution is mainly balanced by E 0 , whilst for TiO 2 it is E RPA C . In NiO both E 0 and E RPA C contribute. The behavior of E 0 with U depends on whether the 3d states are occupied (ZnS, NiO) or mainly unoccupied (TiO 2 ). In the former case, the U term causes the 3d states to become more localized, which carries a kinetic energy penalty and thus increases E 0 . By contrast for TiO 2 , the U correction depopulates the 3d states and pushes these electrons into the less-localized 2p orbitals, reducing the kinetic contribution. . In order to account for the remaining 35% it is therefore necessary to also consider the U -dependent variations of the bandstructure (e.g. the position of the e g and t 2g subbands) and the shapes of the wavefunctions.
In Fig. 9 we compare the magnitude of variation of E In Table II we compare our obtained U min to other values of U used in previous works.
Although it is less common to apply U corrections to metals, 94 standard PBE+U calculations of heats of formation find it necessary to apply the Hubbard U also to the metallic system, with reasonable results. 14 Our numbers are generally smaller than those used in other works; of course given our unique criterion of determining U min , there is no reason why they should agree. Indeed the value of U depends on the choice made for the projector functions, 8 and can vary on the scale of electronvolts depending on the treatment of the core-valence interaction.
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We note that the values of U min obtained here give reasonable physical properties, such as a local magnetic moment of 1.6 µ B for NiO (experimental values range from 1.6-1.9 µ B ).
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However it is also true that the computational cost of obtaining U min does not make the above scheme an attractive method of selecting U compared to other methods. 7, 11 Indeed the quite weak sensitivity of the energy to the value of U combined with the numerical uncertainty inherent in such calculations means that we must attach caution to the values listed in Table II . Nonetheless it would be interesting to explore the minimization of E Blue and green bars represent non-self-consistent RPA total energy calculations performed using PBE wavefunctions in the current and previous (prev.) work. 14 Gray bars represent experimental values. 14 with respect to H 0 (U ) for an extended range of TMCs. 
where E(A x O y ), E(A) and E(O 2 ) are the energies per formula unit of the oxide, metal and oxygen molecule respectively. We used experimental lattice parameters throughout, with Ti in a hcp structure (P6 3 /mmc), a=2.957Å and c/a=1.585, 95 and (ferromagnetic) Ni in a fcc structure (Fm3m) with a=3.516Å.
96
The values of ∆E O for TiO 2 and NiO calculated from E RPA Tot (PBE wavefunctions, U =0 eV) are presented in Fig. 10 Fig. 10, for NiO there is a significant discrepancy (0.9 eV), with the non-self-consistent RPA apparently underestimating the stability of NiO compared to Ni. Ref. 14 found similarly poor performance for the monoxides VO and CoO, and Cr 2 O 3 .
In the context of the current work it is natural to ask whether one can obtain RPA values of ∆E O closer to experiment by including a U correction in the initial Hamiltonian. This approach can be tested immediately from the data shown in Fig. 9 . Choosing the U value as U min would shift ∆E O to more negative values for both TiO 2 and NiO. For TiO 2 the new ∆E O is 0.03 eV lower in energy, essentially reproducing the experimental value (although no vibrational effects were taken into account in the calculations). For NiO, the correction is -0.12 eV which, although slightly reducing the discrepancy with experiment, does not account for the 0.9 eV difference.
NiO has long been recognized as a system representing a major challenge to densityfunctional based methods, 7 and we also note that metallic Ni cannot be considered straightforward either. 97 One option is to go beyond the RPA in the calculation of the correlation energy, for instance through the introduction of a time-dependent DFT kernel in the integral equation for χ λ (ω). 98 Recently it was found that such an approach employing a static kernel based on the homogeneous electron gas reduced the absolute error in ∆E O by 0.2 eV for a range of metal oxides, compared to the RPA. 15 Further exploration of kernels which have a frequency dependence or display a small-wavevector divergence 90 would be an interesting direction for future study.
IV. CONCLUSIONS
We have presented a study into the effects of including a Hubbard U correction in the calculation of the single-particle wavefunctions used to construct the non-self-consistent exact exchange and RPA correlation energy. We have explored materials where the 3d band is fully occupied (ZnS), almost empty (TiO 2 ) and partly occupied (NiO), and determined the U -dependence of their lattice constants. We have further addressed the question of the relative stability of the TiO 2 polymorphs anatase and rutile, and the heats of formation of the oxides TiO 2 and NiO.
The principal conclusion of this work is that the lattice constants derived from the nonself-consistent RPA total energy E RPA Tot are remarkably robust against changes to the value of U in the starting Hamiltonian. NiO is a good example: Including a U correction opens the band gap, redistributes the spin density and changes the character of the band edges, yet the non-self-consistent RPA lattice constant changes by less than 0.01Å over U values ranging from 0-10 eV.
We have further shown that E RPA Tot itself is far less sensitive to U than the self-consistent PBE+U total energy. This insensitivity originates from competing U -dependences of the non-interacting (E 0 ), exchange (E EXX ) and correlation (E RPA C ) energies. For the materials considered here we have shown it is possible to minimize E RPA Tot with respect to the U value by choosing the single-particle Hamiltonian H 0 (U = U min ).
For the specific case of TiO 2 , we have found the difference in E
RPA
Tot between rutile and anatase polymorphs to vary by less than 0.01 eV per formula unit over the entire U range.
This variation is an order of magnitude smaller than that calculated self-consistently at the PBE+U level. Furthermore, the non-self-consistent RPA energy ordering reflects the ordering of experimental enthalpies.
The observed insensitivity of E 
